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Abstra ct

The analysisaswell asthe numericalsimulation of density driven
o w in porousmediais
still a challengingtask. Whereasthorough theoretical investigationsare limited to special
situations, the numerical treatment, especially of real-world problems, requires special
numerical techniques. In this contribution we focuson two aspects,which are relevant in
this context. The �rst dealswith the analysisand designof robust multigrid solvers. In
the secondpart, we investigatea realistic saltwater intrusion problem. Its solution gives
rise to a special type of numerical problems. Numerical results are presented con�rming
the theoretical �ndings.

1. INTR ODUCTION

Density-driven 
o w in porous media is relevant in a number of frequently occurring
problemssuch as sea-water intrusion in coastalaquifers,upconing of saline waters from
deepaquifers, 
o w around salt domesusedas repositories,propagation of denseplumes
emanatingfrom land�lls and geothermalheat production. Even in casesof relatively low
density-contrasts density e�ects cannot be neglected. In practice, this requires reliable
and e�cien t methods for solving the coupledproblems.

In this paper we focuson the designof robust multigrid methods and their application
to a realistic sea-water intrusion problem. It is structured as follows. In section 2 we
discussbrie
y the governing equations. Subsequently, in section3, we discussnumerical
issuesof the mathematical model and the designof fast solution methods required in this
context. The emphasisis on multigrid methods. In section 4 the methods are used in
application to a realistic sea-water intrusion problem. Numerical issuesaswell as results
are discussed.Finally, in section5 concludingremarksare given.

2. THE MA THEMA TICAL MODEL

The governingequationsfor the coupleddensity-driven 
o w in porousmediaarederived
from mass-conservation principles. Assumingincompressibility of the 
uid, the following
systemresults (Bear and Bachmat, 1991;Holzbecher, 1998;Leijnse,1992).
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Flow equation (1) describes conservation of 
uid mass,whereastransport equation (2)
describes conservation of salt mass. With n we denote the porosity, with Qp and Q!

sourcesandsinksfor the 
o w and transport equationresp. Density is denotedby � = � (! ),
the di�usion-dispersiontensor by D = D(q) and the mass-averagedvelocity q is given by
Darcy's law

q = � K =� (! )(r p � � (! )g); (3)
where � = � (! ) is the dynamic viscosity and g is the vector of gravit y. Inserting Eq.
(3) into Eqs. (1) and (2) leadsto a nonlinear systemof two partial di�erential equations
(PDE's) for the unknown salt-massfraction ! and the pressurep. To closethe system,
equationsof state for � and � , and an expressionfor the di�usion-dispersion tensor have
to be provided. For � and � , di�erent dependenciesare usedin the literature, (Herbert
et al., 1988;Holzbecher, 1998). We choose

� = � 0e
 ! ; 
 = 0:6923; (4)

� (! ) = � 0(1 + 1:85! � 4:1! 2 + 44:5! 3): (5)
The density of freshwater is denoted by � 0. For the di�usion-dispersion tensor, we use
Scheidegger'sdispersionmodel (Scheidegger,1961)

D(q) = nD m I + � t jqjI + (� l � � t )qq=jqj;

whereI denotesthe unit tensor. We assumethe validit y of Fick's law and Darcy's law for
our modeling approach. Boundary condition are either of Dirichlet- or of Neumann-type.
For details, see(Hassanizadehand Leijnse, 1988). Due to the assumedincompressibility
initial conditions have to be speci�ed only for the salt massfraction.

3. DISCRETIZA TION AND SOLUTION SCHEMES

The discretizationandsolution of the model equationsarecarriedout usingthe program
packaged3f (Fein(ed), 1998;Johannsen,2004).

For the spatial discretizationof (1)-(3), weapply a vertex centered �nite volumescheme
with (multi-) linear ansatz functions on unstructured, hybrid, conforming grids consist-
ing of tetrahedra, pyramids, prisms and hexahedra. We employ a consistent velocity
approximation (Frolkovic, 1998). No stabilization is usedfor the convective terms. The
discretization is secondorder consistent in the primary variables ! and p. For the dis-
cretization in time a diagonally implicit Runge-Kutta method of secondorder is used
(Alexander, 1977).

The discretization leadsto a sequenceof nonlinearalgebraicequationsand by Newton's
method to a sequenceof large, sparse,linear equations. The latter are solved by a com-
bination of a Krylov-subspacemethod using multigrid preconditioning (van der Vorst,
1992). Whereas the Krylov-subspacemethod is standard, the design of the multigrid
method needsspecial attention.

3.1. Characteristics of the Mo del Problem. The solution of the discreteequations
arising from the model equationsin the context of realistic problemsarising from envi-
ronmental sciencesis a challengingproblem due to a number of reasons.

(1) Realistic models require a large number of unknowns due to the required high
resolution and high accuracy.
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(2) The problemsare characterizedby large jumps of the permeability K of several
ordersof magnitude.

(3) Flow and transport phenomenaare in general convection dominated with grid
Peclet numbers of up to 50.

(4) The model geometriesusually require unstructured, anisotropic grids with aniso-
tropies of 1 : 10 to 1 : 1000.

(5) The discreteequationsarising from systemsof PDE's.
(6) Gravit y e�ects.

Scienti�c Computing provides solution strategiesfor the problems(1)-(5) in caseof sim-
pli�ed model situations. Solutions for problem (3) rely on stabilized discretization tech-
niques (upwinding, limiter) or on stabilized iterativ e schemes(of ILU- and SOR-type).
The former introduce further di�culties in the context consideredhere, the latter are
recent developments and not well-establishedyet. Problem (6) is speci�c to the �eld of
density dependent 
o w and transport and hasnot beenrecognizedyet. Furthermore, the
combination of thesedi�culties requirean appropriate combination of solution strategies,
which are in somecasesmutually exclusive.

3.2. Standard Solution Strategies. For the problems (1)-(5) solution strategiesare
available. We discussthem subsequently.
(1) The solution of large, sparsesystemsof equations,as they result from the discretiza-
tion of PDE's, can be solved with optimal complexity using multigrid methods and high
performancecomputers,seee.g. (Hackbusch, 1985). Thesemethods are highly sensitive
to the model characteristics. A stabilization with Krylov-subspacemethods is mandatory
for complex,nonlinear model problems.
(2) Jumping coe�cien ts have to beresolvedon the coarsestgrid of the multigrid hierarchy.
This leadsto coarsegrid problemsof mediumsize,requiring specialsolvers,like optimized
exact solvers, domain decomposition methods or algebraic multilevel methods. For an
overview, seee.g. (Demmel et al., 1997;Rugeand St•uben, 1987;Smith et al., 1996).
(3) Convection dominatedproblemsdiscretizedby non-monotoneschemescanbe handled
by either locally damped SOR-type or ILU-t ype iterations employing a special ordering,
see(Johannsen,2004).
(4) Scalar, anisotropic di�usion problemscan be solved e�cien tly with a variant of the
multigrid method using so-calledrobust ILU-smoothing, see(Wittum, 1989) and subse-
quent literature.
(5) Systemsof equations can be handled by so-calledpoint-block variants of iterativ e
schemes.

The combination of thesemethodsto a robust multigrid method ableto handlethe com-
bination of theseproblemsis possible,but requiresspecial adjustments, see(Johannsen,
2004).

3.3. Gra vit y E�ects. Due to the nonlinearity of the transport equation its linearization
exhibits an additional, virtual convection. This e�ect hasnot beenrecognizedyet and is
thereforediscussedhere in more detail.

We consider the linearization of the continuous operator J de�ned by (1), (2). In
the simpli�ed setting of Boussinesq'sapproximation and a linear density we get after
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appropriate scaling,while neglectingthe linearization of the dispersion,

J
�
!
p

�
=

�
� D(q0)� ! + (q0 + ! 0qg) � r ! � ! 0� p

qg � r ! � � p

�
; (6)

where ! 0 and q0 denote the salt massfraction and Darcy velocity at the point of lin-
earization, resp. The additional virtual velocity arisesfrom gravit y e�ects

qg =
K � 0g

�
; (7)

whenever ! 0 > 0. This virtual velocity may causemajor di�culties for iterativ e solution
schemes, including multigrid and Krylov-subspacemethods. We consider a situation
characterizedby

Dm = 10� 9m2s� 1; K = 10� 12m2; � = 10� 3kgm� 1s� 1; � l = 10m;

� t = 1m; � 0 = 200kgm� 3; ! 0 = 3%; n = 0:35;

describinga realistic aquifer saturated with sea-water. The virtual velocity amounts to

qg � 2 � 10� 6ms� 1 � 62ma� 1: (8)

We investigate a grid spacingof H = 100m in the horizontal and of h = 10m in the
vertical direction. We considertwo situations.

Non-stagnan t 
o w. For the caseof non-stagnant 
o w we assumea horizontal Darcy
velocity of jqj = 50ma� 1. The grid Peclet number P associated with Darcy velocity
amounts to P = H=� l = 10 (horizontal dispersion Dxx (q0) � � lq0) and the grid Peclet
number Pg associated with the virtual velocity amounts to

Pg �
jqgjh! 0

Dzz(q0)
�

jqgjh! 0

� t jqj
� 0:4: (9)

No essential di�culties arise in this case.

Stagnan t 
o w. Hereweassumestagnating
o w (q = 0ms� 1). In this casethe dispersion
vanishesand a grid Peclet number Pg associated with the virtual velocity of

Pg =
jqgjh! 0

nD m
� 1680 (10)

results. Note that this Pecletnumber scaleslinearly with the permeability. A signi�cantly
largenumber thereforecanbeobserved only for aquiferswith a relatively largepermeabil-
it y. This caseis typical for sea-water intrusion problemsof islandsand occursfrequently.
Discreteproblemswith grid Peclet numbers of up to 50 can be handlede�cien tly by ap-
propriate iterativ esolution schemes,like locally stabilizedSOR-typeor ILU-t ypeschemes.
The dominant convection discussedhereneedsa stabilization by small time-step sizes.
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Figure 1. Left: Island Weizhou,schematic view from top. Boundary con-
ditions are indicated by labels. Right: Coarsestgrid usedin the numerical
simulations. Di�eren t hydrogeologicallayers are indicated by colors.

Table 1. Parameters. Table 2. The hierarchy of grids.

Parameter Range Unit
K 6 � 10� 15 : : : 4 � 10� 12 m2

n 0:032: : : 0:22 -
� L 12: : : 521 m
� T 2:45: : : 31 m

Level i # of elements # of grid points
0 5248 5625
1 41:984 41:259
2 335:872 315:645

4. WEIZHOU-ISLAND: A SEA-W ATER INTR USION PROBLEM

In this sectionwe investigatea sea-water intrusion and upconingproblem. The Chinese
island Weizhou is located in the Gulf of Tonkin, east of Vietnam. It has a diameter of
about 10km, its model problem a total depth of 800m. It is made up of 8 layers with
a thicknessvarying from 10m to 360m. They contain 18 di�erent hydrogeologicalunits.
The variations of somehydrogeologicalparametersaregiven in Table1. A schematic view
from top indicating the boundary conditions is given in Figure 1, left. The coarsegrid
usedin the multigrid hierarchy contains 5248elements (prisms, hexahedra)with aspect
ratios varying from 1:5 to 600 and an averagevalue of 30. It is displayed in Figure 1,
right. We investigate numerical solutions obtained on a di�erent grid-re�nement levels,
seeTable 2. Sea-water with a maximum salt mass fraction of 2:5% is assumed. We
investigatethe sea-water intrusion into the island and subsequently an upconingprocess.
Correspondingly we considertwo phases.

4.1. Phase 1. At the beginning, we assumefresh water in the interior of the island
(! = 0). Within the period of � T1 = 10:000a simulated time sea-water intrusion leads
to a stationary solution. For this period an averageprecipitation of v = 0:393m=a is
assumed.For grid level 1 a time-step sizeof 320a, on grid level 2 a time-step sizeof 160a,
has been used leading an average Courant number of about 12 and maximum values
locally of up to 380. Mean Peclet numbers of 3:3 on grid 1 and 1:7 on grid 2 occur with
maximum value locally of up to 54 resp. 34. The virtual velocity (7) lead to Peclet
numbers Pg of 900 on grid level 1 and 450 on grid level 2, cf. (10). Whereasdiscrete
problemswith Peclet numbers of up to 30� 50 can be solved a modi�ed SOR iteration,
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Figure 2. Salt massfraction (stationary) on a vertical crosssectionat the
end of phase1. Left: Grid level 1, containing 41.984elements. Right: Grid
level 2, containing 335.872elements.
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Figure 3. The breakthoughcurveof the well during phase2. The di�erent
curvescorrespond to simulations on di�erent grid levels, as indicated.

the virtual velocity with Peclet number of � 450 causethe time-step size restrictions
observed in the simulation. The distribution of the salt massfraction at the end of the
phaseon grid level 1 and 2 is shown in Fig. 2. The solution obtainedon level 2 is accurate
enoughto allow for realistic predictions.

4.2. Phase 2. Subsequent to phase1, we carried out simulations with onedischargewell
over a time period of � 1 = 1:000a. It is positionedat the center of the island at a depth
of � 100m. The discharge rate of q1 = 9:5 � 10� 2m3s� 1 corresponds to 30%of the seeped
rainfall. An upconingof sea-water could be observed. The breakthrough curvesobtained
on di�erent grid levels are displayed in Fig. 3. Whereasthe solution on grid level 0 is
not accurate enough (large di�erences to the results on the �ner grid levels, negative
concentrations), the simulations on level 1 and 2 coincide fairly well, indicating that a
further grid-re�nement is not necessary. The salt massfraction of the discharged water
has an asymptotic value of 0:06%, i.e. is of drinking water quality. Fig. 4 shows the
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Figure 4. Salt massfraction on the horizontal crosssectionat the end of
phase2, grid level 2.

distribution of the salt massfraction on the horizontal crosssection through the well at
the end of the phase.The fresh water lenseas well as the upconing in the neighborhood
of the well can clearly be observed.

5. CONCLUSIONS

In this paper we have consideredthe numerical simulation of sea-water intrusion and
upconing. Dealing with realistic model problems,a number of numerical issueshave to
be considered. It has beenshown, that the major part of the numerical di�culties can
be handledby (advanced)techniquesfrom Scienti�c Computing. The only exceptionis a
virtual convection arising from the linearization of discreteoperators. Due to its desta-
bilizing character is causesa signi�cant time-step restriction for numerical simulations.
We applied the methodologies to a realistic model problem and showed that sensible
simulations are feasible.

References

Alexander, R. (1977). Diagonally implicit runge-kutta methods for sti� ode's. SIAM J
Numer Anal, 14:1006{1021.

Bear, J. and Bachmat, Y. (1991). Intr oduction to Modeling of Transport Phenomenain
Porous Media. Kluwer AcademicPublishers.

Demmel, J., Gilbert, J., and Li, X. (1997). SuperLU users' guide. Technical Report
CSD-97-944.

Fein(ed), E. (1998). d3f - Ein Programmpaket zur Modellierung von Dichtestr•omungen.
GRS, Braunschweig, GRS - 139, ISBN 3 - 923875- 97 - 5.

Frolkovic, P. (1998). Consistent velocity approximation for density driven 
o w and trans-
port. Advanced Computational Methods in Engineering, eds. R. van Keer et. al.,
pages603{611.

Hackbusch, W. (1985). Multi-Grid Methods and Applications. Springer-Verlag, Berlin,
Heidelberg.

Hassanizadeh,S. and Leijnse, A. (1988). On the modelling of brine transport in porous
media. Water Resources Research, 24:321{330.



8 Klaus Johannsen

Herbert, A., Jackson, C., and Lever, D. (1988). Coupled groundwater 
o w and solute
transport with 
uid density strongly dependent upon concentration. Water Resources
Research, 24:1781{1795.

Holzbecher, E. O. (1998). Modeling Density-Driven Flow in Porous Media. Springer-
Verlag, Berlin, Heidelberg.

Johannsen,K. (2004). NumerischeAspektedichtegetriebener Stroemungin poroesenMe-
dien. Habilitationsschrift, Heidelberg University.

Leijnse, A. (1992). Three-dimensionalmodeling of coupled 
ow and transport in porous
media. PhD thesis,University of Notre Dame, Indiana.

Ruge, J. and St•uben, K. (1987). Algebraic multigrid. In: Multigrid Methods, S. F. Mc-
Cormick (ed), Society for Industrial and Applied Mathematics, Philadelphia, Penn-
sylvania, pages73 { 130.

Scheidegger,A. (1961). General theory of dispersion in porous media. Journal of Geo-
physical Research, 66:3273.

Smith, B., Bjoerstad, P., and Gropp, W. (1996). Domain Decomposition: Parallel Multi-
levelMethods for Elliptic Partial Di�er ential Equations. Cambridge University Press.

van der Vorst, H. (1992). Bi-CGSTAB: A fast and smoothly converging variant of bicg
for the solution of nonsymmetric linear systems. SIAM J. Sci. Stat. Comp., 13:631
{ 644.

Wittum, G. (1989). On the robustnessof ILU smoothing. SIAM J. Sci. Stat. Comput.,
10:699{ 717.


