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Abstract Discrete systemsarising from elliptic PDEs canbe solved
e cien tly using multigrid methods. In many casef practical interest
the resulting linear equations exhibit strong anisotropies. It is well-
known that standard multigrid methods fail to work for this type of
problems. Various ILU methods have beenproposedand investigated
to overcomethesedi culties. To beapplied successfullythey usually
require a modi cation of the ILU iteration [11,13]. Only in the par-
ticular caseof a 7-point decomposition for a 5-point discretization
no modi cation is needed[8]. We give a new proof for this situa-
tion, showing in which way the smoothing property is related to the
size of the restmatrix. The method is shown to carry over to 9-point
nite elemern discretizations. Numerical experiments documert the
excellent smoothing properties.

AMS Subject Classi cation: 65F10, 65F50,65N22, 65N30, 65N55.
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1 Intro duction
Multigrid schemesare among the fastest methods for solving large

systemsof discrete equationsarising from the discretization of PDEs.
A frequertly occurring problem in many practical applications is
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strongly anisotropic di usion causedby the underlying model prob-
lem and/or by a discretization using anisotropic grids. It posessewere
di culties to multigrid methods dueto a deterioration of the approx-
imation in comparisonto the algebraic properties. To overcomethese
problems, di erent strategies have been proposed. One method is
basedon semi-coarseningechniques, which improve the approxima-
tion [1,2]. We shall not follow this direction here. A secondstrategy
aims to improve the smoothing iteration. This idea, consideredal-
ready in [2,4,12], has been rigorously de ned in [13]. Essetially,
the methods deweloped in this context are basedon the idea of line-
block iterations. A successfulapplication is therefore limited to two-
dimensional problems of anisotropic di usion or three-dimensional
problems with one strongly coupled spatial direction. This includes
many problemsfrom environmental scienceswhere models often ex-
tend over large areasin horizontal direction only. In view on this type
of problems, wherethe mathematical models often consist of systems
of PDEs, methods applicable to systemsare highly desirable.

Prominent stchemesof the line smoother type are variants of the
ILU iteration. They have beeninvestigated thoroughly in a number
of articles [6{11,13]. Applied to the discretization of the anisotropic
Laplace equation, the iteration usually has to be modi ed to fulll
a robust smoothing property [11,13]. Only in the case of 7-point
ILU smoothing for a 5-point discretization with a special ordering
of the unknowns the unmodi ed ILU iteration can be applied as a
smoother [8]. This caseis of special interest and is investigated fur-
ther in this paper. We give a proof of the smoothing property for
the 5-point discretization using a 9-point ILU-decomposition stencil.
The method coincideswith the method investigated in [8]. The new
proof relates the smaoothing property to the size of the restmatrix
of the iteration and allows the understanding of the robust smooth-
ing property in these terms. Numerical experiments shav that the
method carries over to 9-point nite elemer discretizations. This is
of special interest, since these methods are frequertly usedin nu-
merical simulations. An extension of this method to discretizations
resulting from systemsof PDESs is easily possible.

The remainder of this paper is organized as follows. In section 2
we intro duce the notation and de ne the model problem to be inves-
tigated. In section3 we intro ducethe variants of the ILU iteration to
beinvestigated. They are analyzedin section4 using Fourier analysis.
Numerical results are discussedin section5, con rming the theoreti-
cal ndings. Concluding remarks are given in section 6.



A robust 9-point ILU smoother for anisotropic problems 3

2 The model problem

Let =]0;1[%, 2]0;1],f 2 Ly( )andu2 H}( ) the weaksolution
of

@xu @uu=f; x2 (1a)
u=0, x2@: (1b)

The solution is fully regular,i.e.u2 H?( )\ H3( ). Let T beauni-
formly re ned hierarchy of admissible, quasi-uniform triangulations
and T/ 2 T, 0.LetV, H}( ) denote the spacespanned by
conforming P; Ansatz functions corresponding to T,. For the nite
elemert solution u;( ) of (1) on grid T, holds

ku() u()k, ) C hikfk () 2)

where h; denotesa characteristic length scaleof T,, C is a generic
constart independent of h;, andf. The constart dependson the
triangulation. Standard argumerts leadto = 4[2]. For specialgrids,

= lor = 2may beshown [10].

To construct an -uniform cornvergert multigrid method using uni-
form grid re nement, the deterioration of the approximation with
respect to has to be balanced by the behavior of the smoothing
iteration. Let A, denotethe symmetric nite elemen sti ness matrix
of problem (1) on grid level | and let the smoothing iteration be given

by
S =1 WI 1A|Z

I| denotesthe identity matrix and W, a symmetric approximation of
Al.LetR =W, A, > 05and

kRikz C KkAky; W, Ay 3

then -uniform multigrid corvergenceof the V( ; )-cycle for 1
follows from standard argumerts, see[5].

For generalgrid hierarchies T, i.e. > 1, a smoother of optimal
complexity ful lling (3) is not available. If the grid hierarchy matches
certain conditions, a construction on the baseof the ILU iterations is
possible.We give the de nition of an appropriate grid. Let x; = (0;0),
X2 = (1;0), x3 = (0;1) and x4 = (1;1) the cornersof and

TY := ftriangle(x1; X2; X4); triangle(X 1; X3; X4)g; (4a)
T} := the uniform re nement of T} 4, 1> O (4b)



4 K. Johannsen

The stiness matrix A, resulting from the discretization has a con-
stant matrix stencil. Using the usual stencil notation, it can be writ-

ten as

3
0

1
A=4 2+2 5 (5)
0 1

where the corresponding ertries for boundary degreesof freedom
(DOF) have to be omitted. The discretization ful lls the approxi-
mation property (2) with = 1[10]. In the limiting case ! 0 the
problem decomposesinto a set on one-dimensional problems with
three point stencil.

For corvenience of notation, the subscripts indicating the grid
level will be omitted, wheneer possible.

3 Varian ts of the ILU iteration

Let A2 R" "andl = f1;:::;ng. A setE I I with (i;i) 2
E;8 21 and (i;j) 2 E) (j;i) 2 E is called a pattern. The ILU
decomposition of A with respect to the pattern E is given by the
multiplicativ e splitting

A=LU R; (6)

with matrices L and U uniquely determined by

(LU)ij = Aij; 8(j) 2 E; (7a)
diag(L) = I; (L) = (U)ij = 0; 8(i;j) 6 (7b)
L is lower triangular, U is upper triangular matrix : (7¢)

The decomposition can be calculated by an incomplete Gausselimi-
nation and givesrise to the ILU iteration with iteration matrix

S:=1 (LU) 'A:

Note, that LU is symmetric. To specify the ILU iteration completely,
we needto specify the pattern and the ordering of the unknowns. We
make use of the following two patterns

2 3 2 3
? 277

Es=472?%5; Eg=4?7275; ®)
? 2722
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wherea star denotesa possibly non-vanishing matrix entry. For bound-
ary DOF the corresponding entries have to be omitted. Next, we spec-
ify two lexicographical orderings. In the rst, we order the unknowns
rst top down and then left to right

x(n) < x(m) ) noom; (9a)
x(n)=x(m)~y(n)>ym) ) n m (9b)

where n, m denote DOF, x(n) the x-coordinate of n, y(n) the y-
coordinate of n and n m, that n is enumerated before m. The
secondrealizesan ordering rst from left to right and then top down

y(n) > y(m) ) noom (10a)
y(n) = y(m)* x(n) < x(m) ) n m (10b)

Now we can give the de nitions of the ILU iterations usedthroughout
the paper. Let the decomposition (6) be de ned using the pattern Es
from (8) and the ordering (9). We denote the resulting ILU iteration
by the subscript 0 and abbreviate this de nition by

So is de ned by pattern Es and ordering (9)
and analogously

S; is de ned by pattern Eg and ordering (9);
S, is de ned by pattern Eg and ordering (10):

The corresponding lower-, upper- and rest-matrices are denoted by
Li, Ui and R, i = 1;2; 3, resp.

In the context of discretization (5), iteration Sp has beeninvesti-
gatedin e.g.[13] and will be usedherefor comparisononly; iteration
S; and S, hasbeeninvestigatedin e.g.[8].

4 Fourier analysis

In this sectionwe analyzethe ILU iterations de ned in the previous
section by meansof Fourier analysis. To this end, we have to restrict
ourselfto matrices with constart matrix stencilson in nite or cyclic
domains. In this casethe matrices commute pairwise and can be
investigated by meansof their spectrum. Let h > 0 and

oh = f(x1;%2)jx1 = j1h;x2 = j2h;j1;j2 2 Zg
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anin nite grid. Let A begivenby (5) and kq; ks 2] ; ], then A'is
diagonal in the basis

kiko (X3 Y) = exp(i(kixa + kaxz)=h);
with the eigervalues
A= (2 cogky)) + (2 cogky));

where we have identi ed the matrix with its eigervalues. This repre-
sertation is valid for in nite  domains.In the caseof nite domain the
grid is a subsetof g,. For cyclic boundary conditions the admissible
frequenciesare a subsetof]  ; ]2. Let

oh = F(X1;X2)j(X1;X2) 2 gh ™ X1;X2 Og

the double semi-in nite grid. The ILU iteration cannot be de ned on
on directly. As mentioned above, the coe cien ts of L and U can be
calculated from the recursion de ned by the Gaussian elimination.
This recursion can be applied to grid e,. Therefore, for every ILU
decomposition (6) speci ed in the previous section, we are able to
de ne
Cij = k;IIi!T Livkj+1s Gi; = k;||i!q1 Uit kgj+1: (11

We claim, that the limits exist and de ne the constart matrix stencil
of the ILU iteration on grid gy by (11). In this way, we de ne Lj,
Ui, Rij and S, the iteration corresponding to S;j, i = 1;2 from the
previous section.

We investigate the smoothing property of S;, S». It is easyto see,
that

2 3
001
000 00001
R1=r180004; R,=r,4000009; (12)
000 10000
100

with suitable functions r1 and r, dependingon . Identifying R; with
its eigervalues, we get

Ry = ri(4cogks) cod(ky) 2cogki) 4cogky) sin(ki) sin(ka)):
R, = ra(4cod(ky) cogks) 2cogky)  4cogki) sin(ki) sin(kz)):

Someproperties of the ILU decompositions are given in
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Fig. 1. Numerical evaluation of function r1 and r» from (12) and their upper
boundsr; and r.

Lemma 1 The ILU decomposition (11) of S; and S, is well-de ned
and the following estimateshold

O<ri() ra():
O<ra() ra():

1:10; 8 2]0;1];
0:17; 8 2]0;1]

Proof The proof cannot be given analytically. The convergence(11)
has been veri ed numerically using double precision oating point
arithmetics. The limiting valueshave beendetermined for 16 signi -
cant digits. The veri cation hasbeencarried out for

2f 2]10 %1]j = (0:1)™*: n 2 Nog:

The numerical evaluation of r; and r, are displayedin Fig. 1 together
with their upper boundsr; and r».

Before we investigate the smoothing property of the iterations, we
prove two technical lemma.

mma 2 Leta;b;c;d2 R, ¢ 0,d2 [0;1] and f (x) := a+ bx
c 1 d?x2. Thenit holds

( p -
min £ () = P=f+c2 ifP(l d?)< 02d4:

x2[ 1;1] a jg c 1 d2 otherwise
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Proof (i) Let c> Oandd = 1. It holds f > 0 and therefore f is
minimal for x 2] 1;1[ with f {x) = 0, if existing, otherwise at the
boundary of the interval. It holds

q o
f%) =0, xo= b=c 1 x3, xo= b= P+c22] L1

Thereforemin,, 1.47 f (X) = f (x0) = a P ? + ¢2 hold in accordance
with the assBrtion.(ii) Let c> Oandd 2]0; 1]. Then it holdsf (y=d) =
a+by=d ¢ 1 y2,y2[ did.If

| O
Yo:= b= 2+ c2d2 2] d;d[, b2(1 dz) < C2d4; (13)

then it follows from (i) miny,; 4. f (y=0) = a P ?=c® + ¢2 in accor-
dancewith the assertion.If (13) doesnot hold, the minimumpis taken
at the boundary of the interval min,,; 1.yf(x)=a joj c 1 d2
(i) The casesc 0 and d= 0 canbeveried easily

Lemma 3 Leti = 1,2, 2 [0;1], O ri 0:72 and kp; ko 2
] ; ]. Then it holds

A+ R O (14)
Proof First, we prove the assertionfor R». It holds
A+ R (2 cogky)) + (2 cogky)) + 4 r cog(ky) cogky)
2 r(cogkyz) + 2j cogks) sin(ky) sin(kz)j): (15)
Using x := cogKk1), y := cogky), the right hand side of (15) reads

) o P—p
fi= 2 2)+2 29+ r@x% 2y 4ixj 1 x2 1 y?
The assertionis equivalen to

min  min min min f 0O; 8c; >0 with ¢ 0:72
r2[0;c] x2[ 1;1] y2[ 1;1] 2[r=c:1]

It holds

f := min f
2[r=c1]

P— p_
2r=q1 x)+21 y)+2r2x% y 2ixj 1 x2 1 y2):

Let = 2 2xr=c+ 2r=¢ by ;= .2+ 4rx? 2r and e =
41tjxj 1 x2,thenf =a+by e 1 y2andduetolLemma?2
q
fy. ;= min f =a + €
Ty 1y 1 e

p
2(1 xr=c+r=0 2(1+ r) 1 4rx2=1+ r)z
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Let & = 2(1+ r=0), by := fr=6 6 = 2(1+ r)and @ := 4 r=(1+

r)2, thenfy. = ax+ty & 1 d2x2. Using Lemma2 to determine
fxy: = minyy 1,97 fy; , onehasto distinguish four cases.t holds

Bl ®)<ed , 1=(c) 4<r=c<1=(c)+4  (16)

Casel: Condition (16) is not fullled if r=c 1=( c) + 4. This does
not happen,since ¢> 0andr=c 1.

Case?2: Condition (16) isnot fullled if ¢ 1=4andr=c 1= ¢
4. Due to Lemma 2 we get

p
fry; =2(1+r=9 2r=c 2(1+ r) 1 4r=1+ r)?
2 21 rj

and becauseof r = ( ¢)(r=9 1=4wegetfy,. O.

Case3: Condition (16) and c< 1=5areneverful lled, sincer=c 1.
Case4: Condition (16)isfullled, if ¢ 1=5and1=( ¢) 4< r=c<
1. From Lemma 2 follows

fay: = 20+ 129 2L+ (1)(r=9 1+ 4 9(r=9):

Let k= ¢, z:= r=cand g(z) := z?+ (4k 2=K)z+ (8+ 1=k* 8=k).
Then fy.y. 0, g 0. Becauseof g°¥z) > 0, g(z) O,
8z 2 [0;1] is equivalert to g(0) 0O;~g(1l) 0. (a) It holds g(0)
0, k¥ k+ 1=8 0, whichis fullled for k 2 [0:2;0:72]. (b) It
holdsg(1) O, k3+ 9=4k? 5=2k+ 1=4 0.t is easyto see,that
the latter condition is ful lled for k 2 [0:2; 0:72]. Thereforef.,. O
8z=r=c2 [0;1]and k = ¢ 2 [0:2;0:72]. The proof of (14) follows
the sameline.

Now we can prove the robust smoothing property of S,.

Theorem 1 Let 2]0;1] and A de ned by (5). Then the ILU itera-
tion S, full Is the robust smaothing property (3).

Proof The rst condition of (3) follows from (5), (12) and Lemma 1.
From Lemmalweget0 r, 0:18. Therefore Lemma 3 implies
A+ 4R, 0.HenceW, O0:75A.

Remark 1 The robust smoothing property for S; cannot be shown
along the line of Theorem 1. The rest matrix R; decreasesslover
than R, with decreasing . From the estimate given in Lemma 1, it
can be concludedonly, that A+ oR1 Owith ¢ 0.7, which is
not su cien t. The numerical experiments given in the next section
indicate, that the robust smoothing property doesnot hold for S;.
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5 Numerical results

In this section,we investigatethe robustnessof two di eren t multigrid
methods applied to three di erent model problems. The multigrid
methods di er by the smoothers used, the model problems by the
boundary condition and by the discretization.

We begin with the formulation of the model problems. Let =
]0; 1> and  2]0; 1]. For all model problems a conforming Galerkin
FEM is used. The mathematical model (1) of the rst two model
problems has beenintroducedin section 2. The two model problems
di er by the discretization. To obtain the rst one, equation (1) is
discretized on the grid hierarchy (4) by meansof P, elemens. The
model problem is denotedby MP ;. The secondmodel problem results
from (1) using Q; elemens and the grid hierarchy

T5 = fsquarefs; X2; X3;X4)g; (17a)
T{ := the uniform re nement of T} 4, 1 > O (17b)
For the inner DOF of the grid, it leadsto the 9-point stencil
2 3 2 3
12 1 . 141
A=_4 48 45+ -42 8 25; (18)

12 1 8% 1241

It is denotedby MP,. To specify the third model problem, we de ne
z

Le( )=fu2Llz( )j udx=0g;
Z
HY( ):=fu2 HY( )j udx= 0g:

Letu2 HY( ), f 2 Ly( )and

@xu @Qyu
Qu

where @ denotesthe partial derivative in direction of the outer nor-
mal. The solution is fully regular, i.e. u 2 H2( )\ HL( ). Model
problem MP3 results from (19) discretized by Q1 elemerts on the
grid hierarchy (17).

Weinvestigatetwo V(1,1)-cycle multigrid schemesappliedto model
problems MP 1-MP3. In all casesthe canonical grid transfer opera-
tions are used and the exact solution is determined on grid level 1.
The solution methods dier by the smoothers only. We investigate
the multigrid scdhemesusing the ILU iterations S; and S,, denoted

f; x2 ; (19a)
00 x2@; (19b)
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Fig. 2. Convergencerates of multigrid scheme 1 applied to MP; in dependence
on .

by schemel and scheme2, resp. We considerthe model problemson
the grid level 5 to 10, corresponding to 322 to 1024 elemerns. We
evaluate the multigrid corvergencefor

2f 2]10 %1]j = 107%; n2 Zg: (20)
It is measuredby

10;20 -— kd10k2 )

(21)

where d; denotesthe defect after the i-th iteration. The discrete sys-
tem of equations of MP 3 are singular. In this caseadequate precau-
tions have beentaken to avoid numerical di culties.

5.1 Numerical results for MP ;

We investigate the multigrid schemesfor MP 1. The discretization
is equivalert to a nite dierence discretization. The corvergence
rates (21) of solution stcheme 1 in dependenceon on the dierent
grid level are displayed in Fig. 2. They deteriorate with increasing
grid level and do not seemto be bounded away uniformly from 1.
Neglecting boundary conditions, the casecorrespondsto the usageof
the ILU iteration S; from the previous section. The robust smoothing
property could not be shown in that case,seeRemark 1. The results
are similar to the onesresulting from the ILU iteration Sp, which has
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Fig. 3. Convergencerates of multigrid scheme 2 applied to MP; in dependence
on .

beenanalyzedin [13]. Fig 3 shawvsthe resultsfor the multigrid scheme
2. The results indicate a very fast corvergenceof about . 0:03
uniformly in and the grid level. Neglecting boundary e ects, the
ILU iteration usedcoincideswith S, analyzedin section4, which has
beenshawnn to fulll the robust smoothing property (Theorem 1).

Remark 2 A modi cation of the ILU iteration Sp hasbeendiscussed
in e.g.[11,13]. For an appropriate modi cation, which hasto be cho-
senexperimentally, the usageof the iteration led to a robust multigrid
corvergenceof about . 0:3[13]. The new method proposedhereis
superior to the modi ed ILU iteration.

5.2 Numerical results for MP»

We investigate the multigrid schemesS; and S, for model problem
MP,. The discretization leadsto the constart nine point stencil (18).
The results for multigrid schemel are displayedin Fig 4. As for MP 1,
a uniform multigrid corvergenceis not obtained. In cortrast to the
previous case,the multigrid iteration divergesfor su cien tly small
and sucien tly ne grids. This is due to the fact, that for certain
the sti ness matrix is no longer an M-Matrix and the ILU iteration
divergencesfor sucien tly ne grids. The results for scheme 2 are
similar to the onesobtained for MP ;. The multigrid corvergencerate
is uniformly boundedin and the grid level by . 0:03.
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Fig. 5. Convergencerates of multigrid scheme 2 applied to MP ;3 in dependence
on

5.3 Numerical resultsfor MP 3

We investigate the multigrid schemesS; and S,. The discretization
leads, for interior DOF, to the samediscretization stencil asfor MP ,.
Similar to MP»,, the multigrid stheme 1 divergesfor certain and
suciently ne grids. The corvergencerates shaov a slightly more
complex behavior than in the previous cases.Therefore, we chosea
ner resolution for than (20). The corvergencerates are given in
Fig. 5. The corvergenceis uniformly boundedby . 0:1.



14 K. Johannsen

6 Conclusions

In this paper we investigated 9-point variants of the ILU iteration as
smoother in multigrid. For the 5-point discretization of the anisotropic
Laplace operator a new proof is given relating the sizeof the restma-
trix to the smoothing property. For an appropriate ordering excellert
multigrid cornvergenceresults without modi cation of the ILU. The
method carries over to the 9-point nite elemern discretization ob-
tained on a tensor product grid.

Sinceno modi cation of the ILU iteration is necessaryan exten-
sion of the method to equations arising from systemsof PDEs using
a point block ILU method is easily possible. Applications to more
complex model problems seempromising [3].
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