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Abstract Discretesystemsarising from elliptic PDE's canbesolved
e�cien tly using multigrid methods. In many casesof practical im-
portance the resulting linear equationsare symmetric or weakly non-
symmetric and standard multigrid components can be applied suc-
cessfully. Nevertheless,non-symmetric discrete problems may arise
in practically relevant situations where standard multigrid compo-
nents fail. Based on practical experiencewith calculation of density
driven 
o w in porous media, we developed a SOR-type smoother for
strongly non-symmetric problems. Using Fourier analysis, we show
the smoothing property for a class of matrices with positive de�-
nite symmetric part. Di�eren t streamline di�usion �nite element dis-
cretizations of the convection-di�usion equation are investigated.The
numerical experiments con�rm the theoretical results. In caseof sym-
metric problems the new iteration reducesto the standard Gauss-
Seidel iteration.
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1 In tro duction

Multigrid methods are establishedas fast solvers for large systemsof
algebraic equations arising from the discretization of partial di�er-
ential equations. Nowadays, several commercial codes, such as CFX
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or Fluent provide multigrid methods. Developing multigrid methods
for application problemsoneneedsto pay special attention to typical
features causing convergenceproblems like anisotropy, convection,
heterogeneity and local grid adaptation. Combined, these features
may causesevere convergenceproblems. In particular, the multigrid
method hasto meet the requirements of the overall solution approach,
which may be very speci�c.

In the present paper, we introduce a smoother which has been
developed for computing density driven 
o w in porous media. The
use of this smoother proved to be decisive for the computabilit y of
the problemsconsidered.Using the primal variablesp (pressure)and
! (salt mass fraction), density driven 
o w in porous media can be
described by

@t (n� (! )) + r � (� (! )v ) = 0; (1)

@t (n� (! )! ) + r � (� (! )( ! v � D (v )r ! )) = 0; (2)

where

v = � K =� (r p � � (! )g) (3)

denotesDarcy's velocity, � the 
uid density, K the permeability and
D the di�usion-disp ersion tensor. This model can be simpli�ed by
using the Bousinessqapproximation, i.e. the density is only kept in
the velocity term (3). This simpli�cation alleviates handling of the
equations and solving the discrete systems,however, it also changes
the non-linear behaviour asdescribed in [16]. This is why we kept the
full non-linear dispersionin our formulation of the problem. Unfortu-
nately, now solving the discrete equations in realistic settings proved
to be very hard. Our discretization is based on dual �nite volume
schemes,see[6,17,18]. In order to handle the transport term which
may be massively dominating in certain parts of the region, we im-
plemented a number of di�eren t schemeslike simple upwind, skewed
upwinding, streamline di�usion, and �nally an unstabilized Galerkin
discretization [17].

Such a code which is designedto handle realistic problems must
be able to handle highly complicated geometries.Such geometries
from hydrology typically consistof thin layerswith a high contrast of
the permeabilities, yielding extremely heterogenousand anisotropic
problems,which may be additionally convection dominant in parts of
the domain with underlying cyclic convection �elds. Furthermore, the
non-linear dispersionterm of the full model addsadditional nonlinear
terms, making the problem even more involved.
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A major area of interest is the long-time behaviour of such solu-
tions. This strongly depends on the non-linear convection from the
disperson and the non-linear coupling in the system. Therefore the
systemmust be discretized implicitly in time, causingthe needfor a
robust and reliable solver.

The transport discretization is decisive for the qualtiy of the re-
sults. Numerical investigationshaveshown that, amongall convection
discretizations tested, a standard Galerkin schemeleadsby far to the
best solution. Using standard Galerkin for the transport term, how-
ever, meansanother challengefor the solver, since the resulting sys-
tems often are closeto instabilit y. This gets more severe for a multi-
grid solver involving coarsegrids. On the other hand, it is essential
to usemultigrid, sincethe systemsarising will be very large, [18,19].
In particular, smoothing is an issue.

In the caseof discrete problems arising from selfadjoint elliptic
problemsthe application of multigrid methods is well-establishedand
the design of smoothing iterations is well-understood [8,13,28]. For
strongly non-symmetric problems the situation is lessdeveloped. Es-
pecially the analysis of multigrid smoothing is essentially limited to
monotone discretizations. In this caserobust multigrid convergence
can be achieved in many cases[4,7,11,15,26]. Non-monotone dis-
cretizations of non-symmetric problems have been investigated only
in particular cases[1,20{23]. They do not carry over to the general
caseand therefore cannot be applied in the context consideredhere.
In the present paper a smoothing strategy, SORa, is introduced and
analyzed,which proved successfulfor the solution of thesesystemsin
practice. To understand the behaviour of the method, we analyze it
for convection-di�usion equations as a model system using standard
Galerkin discretization of the transport term as well as a streamline
di�usion schemefor the sake of comparison.

The remainder of this paper is organized as follows. In section 2
we give the de�nition of the SORa iteration. Su�cien t conditions to
prove the smoothing property in the Euclidian norm are discussedin
section3. In section4 theseconditions areveri�ed for Fourier analysis
in oneand two spacedimensions.The application to two-dimensional
convection di�usion model problems is subject of section 5. Finally,
the results are discussedin Section 6.
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2 De�nition of the SOR a

Let n 2 N, A 2 Rn� n . Throughout this paper we use the following
de�nition of positive de�niteness

(x; Ax ) > 0; 8x 2 Rn ;

which we write as A > 0. Note that A > 0 does not imply A =
AT . Correspondingly positive semi-de�niteness (A � 0) is de�ned.
Furthermore, for easeof notation we identify in the context of matrix
operation � 2 C with multiples of the unit matrix � � � I . Let x; b 2
Rn . We consider the linear system of equations

Ax = b: (4)

If not noted di�eren tly, we assumeA to be regular and positive de�-
nite. Let W be an approximation of A. Then

xm+1 = xm � W � 1(Ax m � b)

de�nes a consistent, linear iteration for (4). Let A = D � E � F , with
D diagonal, E strictly lower triangular matrix and F strictly upper
triangular matrix. Then the SORa iteration is given by

De�nition 1 Let � � 1, 
 � 0. Then the SORa(�; 
 ) iteration is
de�ned by the lower triangular matrix

W�
 := D + Cs �
1
2

(1 + � )E �
1
2

(1 � � )F T ; (5)

Cs := diag(ci ); ci :=
�

4

nX

j =1

jA ij � A j i j; i = 1; : : : ; n:

with the iteration matrix

S�
 = 1 � W � 1
�
 A:

The iteration is well-de�ned sincefor A > 0 we have D + Cs > 0. For
easeof notation the subscripts � and 
 of the matrices are omitted
whenever possible.

Remark 1 For symmetric A the SORa iteration coincides with the
Gauss-Seideliteration.
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Remark 2 For � = 1 the iteration can be interpreted as a locally
damped SOR iteration, since

W1
 = ! � 1D � E;

! = diag(! i ); ! i =
1

1 + 

4D ii

P n
j =1 jA ij � A j i j

:

Here, the usualSOR-relaxation parameter is replacedby the diagonal
matrix ! , which dependson the local asymmetry

nX

j =1

jA ij � A j i j=Dii

of the matrix A. Thus it is called SORa, where the subscript a stands
for the automatically chosen,local relaxation parameter.

For 
 > 0 the SORa iteration extends naturally to regular, anti-
symmetric matrices A = � AT . The iteration is well-de�ned, sincefor
regular A

ci =
�

2

nX

j =1

jA ij j > 0; 8i = 1; : : : ; n:

In this caseA and W read

A = � E + E T ; W = � (Es � E ); (6)

Es = diag(ei ); ei =


2

nX

j =1

(jE ij j + jE j i j)

and we have

Lemma 1 Let A = � AT be regular, � � 1 and 
 � 1. Then for the
iteration matrix S�
 of the SORa iteration holds � (S�
 ) � 1.

Proof Let � = 1, 
 > 1. Then W + W T = 2Es � E � E T . Therefore
W + W T is strongly diagonally dominant. From [9, Crit. 4.3.24] it
follows that W + W T > 0 and therefore W > 0. The iteration matrix
readsS = W � 1W T . For a pair of eigenvalue/eigenvector � 2 C/ x 2
Cn the following holds

Sx = �x , W T x = �W x ) � = (x; W T x)=(x; W x) ) j� j = 1;

i.e. we have � (S) = 1. By continuit y this holds for 
 � 1. The case
� > 1 corresponds to a (global) damping factor � = 1=� < 1 of S.
This proves the assertion. ut
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Remark 3 The parameter � is related to a global damping factor
� = 1=� for the anti-symmetric part of A, as we can seefrom (6).
The parameter 
 is a stabilization parameter for the anti-symmetric
part of A. The choiceof 
 � 1 ensures� (S�
 ) � 1 for anti-symmetric
matrices.

3 Smo othing prop ert y

We considera meshhierarchy and the corresponding sequenceof sti�-
nessmatrices A l . In the multilev el context the smoothing property
measuresthe error reduction of eigenmodesassociated with the large
algebraiceigenvaluesof the sti�ness matrix. We denotethe Euclidian
norm by k � k2 and recall the de�nition of the smoothing property
given in [10].

De�nition 2 An iteration with iteration matrix Sl is said to possess
the smoothing property if

kA l S�
l k2 � � (� )kA l k2; 8� ; l 2 N;

� (� ) ! 0; � ! 1

for a function � (� ) independent of l .

This property can be shown under very general assumptions as
can be seenfrom

Lemma 2 (Ec ker, Zulehner [5]) Let l 2 N, Sl = 1 � W � 1
l A l ,

C > 0 and � > 1. If

k(1 � � ) + � Slk2 � 1; kWl k2 � CkA l k2 (7)

holdsuniformly in l , then Sl ful�l ls the smoothing property with � (� ) �
C� � � 1=2, where C� dependson C and � only.

For vectors and matrices the subscript l indicates the associated
grid level. For easeof notation it is omitted whenever possible.We
split A into symmetric and anti-symmetric part

A = As + Aa; As := (A + AT )=2; Aa := (A � AT )=2; (8)

As =: �D + �D T ; Aa =: �C � �CT : (9)

Matrix �D is determined up to an arbitrary anti-symmetric and �C
up to an arbitrary symmetric matrix. Let jAj :=

p
AT A denote the

absolute value of A, de�ned as the unique, positive-de�nite solution
of jAj2 = AT A and [A; B ] := AB � B A the commutator of A and B .
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Lemma 3 Let � > 0, � > 0 and S = 1 � W � 1A with

A = �D + �D T + �C � �CT ; W = � �D + � �C:

Then kSk2 � 1 if and only if

(� � 1)j �D + �D T j2 + (� � 1)j �C � �CT j2+

(� + � )( �D T �C + �CT �D ) + (� � � )( �D �C + �CT �D T )+

(� � � )[ �C; �CT ] + � [ �C + �D ; �CT + �D T ]+

(� � 1)[ �C � �CT ; �D + �D T ] � 0:

Proof

ST S � 1 ,

1 � AT W � T A � 1(W AT + AW T � AA T )A � T W � 1A � 1 ,

W AT + AW T � AA T � 0:

Elementary manipulations lead to the assertion. ut

We denote the maximum number of non-zeroentries per row of a
matrix by nr (A), i.e.

nr (A) := max
i

jf j jA ij 6= 0gj

Now we can state the main result of this paper in

Theorem 1 Let l 2 N, � > 1 and Sl = 1 � W � 1
l A l with

A l = �D l + �D T
l + �Cl � �CT

l ; Wl = �D l + diag( �D l ) + � �Cl :

If for 
 > 0, N > 0

nr ( �D l + �D T
l ) � N ; nr ( �Cl � �CT

l ) � N ; (10)

( �D T
l

�Cl + �CT
l

�D l ) +
� � 1
� + 1

( �D l �Cl + �CT
l

�D T
l ) � 0; (11)

k �D l � �D T
l k1 � k �D l + �D T

l k1 ; (12)

k �Cl + �CT
l k1 � (1 + 
 )k �Cl � �CT

l k1 ; (13)

A l ; �Cl ; �Cl + �D l normal; (14)

[ �D l ; diag( �D l )] = [ �Cl ; diag( �D l )] = 0 (15)

holds uniformly in l then Sl is a smoother in the Euclidian norm.
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Proof We only have to show the conditions (7) of Lemma 2. Let
� := min(�; 1 + 1=N ) > 1. We consider the over-relaxed iteration

S� := (1 � � ) + � S = 1 � (� � 1W )� 1A;

� � 1W =
1
�

�D +
�
�

�
� � 1diag( �D ) + �C

�
:

We use Lemma 3 to show kS� k2 � 1. Due to (14) and (15) we only
have to show

�
1
�

� 1
�

j �D + �D T j2 +
� �

�
� 1

�
j �C � �CT j2+

�
�
�

+
1
�

�
( �D T �C + �CT �D ) +

�
�
�

�
1
�

�
( �D �C + �CT �D T )+

2
�

( �D + �D T )diag( �D ) � 0: (16)

We split this condition into three parts
�

1
�

� 1
�

j �D + �D T j2 +
2
�

( �D + �D T )diag( �D ) � 0; (17)
� �

�
� 1

�
j �C � �CT j2 � 0; (18)

�
�
�

+
1
�

�
( �D T �C + �CT �D ) +

�
�
�

�
1
�

�
( �D �C + �CT �D T ) � 0: (19)

Condition (16) then follows from (17), (18) and (19). Since �D + �D T

is positive de�nite (17) is equivalent to

diag( �D )� 1=2
�D + �D T

2
diag( �D )� 1=2 �

1
� � 1

which is satis�ed if

kdiag( �D )� 1=2
�D + �D T

2
diag( �D )� 1=2k2 � N :

The latter inequality holds sincefor M 2 Rn� n , M = M T > 0

jM ii j = 1; 8i = 1; : : : n ) jM i;j j � 1; 8i; j = 1; : : : ; n )

kM k1 � N ) kM k2 � N :

This proves (17). Condition (18) follows from � � � . Finally (19) is
equivalent to (11). Hence the �rst condition of (7) holds. Next we
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consider

kW k1 � k �D + diag( �D )k1 + � k �Ck1

�
1
2

�
k �D + �D T + 2diag( �D )k1 + k �D � �D T k1

�

+
�
2

�
k �C � �CT k1 + k �C + �CT k1

�

and becauseof (10), (12) and (13)

� 3=2N k �D + �D T k2 + N � (1 + 
 =2)k �C � �CT k2

and becauseA is normal

� (3=2N + N � (1 + 
 =2))kAk2:

In the sameway we obtain

kW T k1 � (3=2N + N � (1 + 
 =2))kAk2;

and therefore

kW k2 � (kW k1 kW T k1 )1=2 � (3=2N + N � (1 + 
 =2))kAk2:

This shows the secondconditions of (7). ut

Remark 4 The smoother of Theorem 1 is closelyrelated to the SORa
iteration given in the previous section.Using the splitting (8) we can
re-write W�
 from (5)

W�
 = �D + diag( �D ) + � �C;

�Cii =


2

nX

j =1

j �Cij � �Cj i j; 8i = 1; : : : ; n; (20)

where �D and �C are lower triangular matrices. Condition (12) is ful-
�lled and the choice(20) implies (13). The constants 
 in De�nition 1
and Theorem 1 can be chosenequal. Condition (14) is ful�lled when
Fourier analysiscan beapplied, i.e. for in�nite or cyclic matrices.The
term in�nite matrix needs,of course,a proper de�nition, which shall
not be given here. In caseof cyclic matrices W�
 is not a lower tri-
angular matrix and De�nition 1 has to be changedaccordingly. The
application of the smoother then requires the solution of a feedback
problem which can be realized using a frequency-�ltering algorithm,
see[15]. Fourier analysis is investigated in the next subsection.
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We �nish this section with a discussionof the other conditions of
Theorem 1. Assumption (10) is concernedwith the sparsity pattern
of A. In the context of discretization of partial di�eren tial equations
it is usually ful�lled. Condition (11) is essential in the presenceof
a symmetric and an anti-symmetric part of A. If violated examples
can be found where the smoothing property (De�nition 2) does not
hold. As we will seein the next section(11) implies (for the examples
investigated) 
 � 1, a su�cien t condition to show the � (S�
 ) � 1 of
the SORa iteration in the anti-symmetric limit (Lemma 1).

4 Fourier analysis

In this section we investigate the smoothing property of the SORa
iteration from section2. Due to Remark 4, the smoother canbe inves-
tigated using Theorem 1. We focus on problems where Fourier anal-
ysis can be applied in order to ful�ll the assumptions (14), (15) of
the theorem. We investigateproblemsdiscretizedby constant matrix
stencils in oneand two spacedimensions.The corresponding domains
are either �nite and we apply cyclic boundary conditions or in�nite,
i.e. we focus on problems where boundary e�ects are excluded. In
this setting all matrices involved are normal and can be diagonalized
simultaneously. In the one-dimensionalcase,we therefore identify a
matrix A with its eigenvaluesak , k 2 ] � � ; � ] and use this notations
interchangeably. Correspondingly we proceedin the two-dimensional
case.

4.1 One-dimensionalmodel problems

We assumea one-dimensionalgrid with grid spacing h, where the
grid points lie in

g1d
h = f xjx = j h; j 2 Zg:

and assumematrix A to have a constant N = 2m + 1-stencil

A = [a� m ; : : : ; a0; : : : ; am ]: (21)

Every matrix of the form (21) is diagonal in the basis

' k (x) = exp(ik x=h); x 2 g1d
h ; k 2 ] � � ; � ]

with the eigenvalues

� k =
mX

j = � m

aj exp(ij k); k 2] � � ; � ]:
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We identify the matrix with its eigenvalues

A �
mX

j = � m

aj exp(ij k):

This setting applies to an in�nite domain. For �nite domains the
grid is a subsetof g1d

l and the Fourier frequenciesk have to be taken
from an appropriate subset of ] � � ; � ]R. We investigate the in�nite
domainssetting only. The results carry over to the �nite setting with-
out change.To prove the smoothing property of the SORa iteration
we apply Theorem 1. For three-point stencils we can show

Theorem 2 Let a;b;c 2 R, with ja+ cj � 2b, A = [a;b;c] and � > 1,

 � 1. Then the SORa(�; 
 ) iteration is a smoother in the Euclidian
norm.

Proof Due to Remark 4 we only have to prove (11). For A we usethe
splitting (8), (9). Without lossof generality we prove (11) for

�D = [ �d;1; 0]; j �dj � 1; �C = [�c;1; 0]; j�cj � 1: (22)

Using (22) condition (11) for all � � 0 is equivalent to
�

�c + �d
2

; 1 + �c �d;
�c + �d

2

�
+ �

�
�c �d
2

;
�c + �d

2
; 1;

�c + �d
2

;
�c �d
2

�
� 0; 8� 2 [0; 1[:

In terms of eigenvalues this assertionreads
�
(1 + �c �d) + (�c + �d) cos(k)

�
+

�
�
1 + (�c + �d) cos(k) + �c �dcos(2k)

�
� 0; 8k 2 [� � ; � ]:

Using � = cos(k) this is equivalent to
�
(1 + �c �d) + (�c + �d)�

�
+

�
�
(1 � �c �d) + (�c + �d)� + 2�c �d� 2�

� 0; 8� 2 [� 1; 1]: (23)

The left-hand side of (23) is linear in � , therefore we have to prove it
only for � = 0 and � = 1. Inserting � = 0 from (23) results

(1 + �c �d) + (�c + �d)� � 0:

Becauseof linearity in � , we have to show the assertion only for
� = � 1 and � = 1. For � = � 1 this is true, since 1 + �c �d � �c � �d =
(1� �c)(1 � �d) � 0, for � = 1 because1+ �c �d+ �c+ �d = (1+ �c)(1+ �d) � 0.
Inserting � = 1 in (23) we get

1 + (�c + �d)� + �c �d� 2 � 0:
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The left-hand side is linear in �c and �d. Therefore we have to show
the assertion only for the cases(�c = 1; �d = 1), (�c = � 1; �d = 1),
(�c = 1; �d = � 1) and (�c = � 1; �d = � 1). These lead to the following
conditions

1 + 2� + � 2 � 0; 1 � � 2 � 0; 1 � 2� + � 2 � 0;

which hold for j� j � 1. ut

Note that the condition ja + cj � 2b in the theorem is a necessary
and su�cien t condition for A � 0 on all grids g1d

h , h > 0.

Remark 5 In general, the smoothing property of the SORa iteration
depends on the strength of the anti-symmetric part of the system
matrix. We give an example.Let � > 0 and

�D = [1; � 4; 3; 0; 0]; �C = � [1; 
 ; 0]; (24)

then As = [1; � 4; 6; � 4; 1] corresponds to a discretization of the bi-
harmonic operator and Aa = � [1; 0; � 1] to a discretization of the
convection operator. Let � > 1, 
 > 0. Assume kS�
 k2 � 1 holds.
According to Lemma 3 and the proof of Theorem 1 this is equivalent
to

T := 2( �D + �D T )diag( �D ) + (� � 1) j �C � �CT j2+

2( �D T �C + �CT �D ) + (� � 1) ( �C + �CT )( �D + �D T ) � 0:

Using

�D + �D T = 4(1 � cos(k))2;
�C + �CT = 2� (
 + cos(k)) ;

j �C � �CT j2 = 4� 2(1 � cos(k))(1 + cos(k)) ;
�D T �C + �CT �D = �

�
4
 (1 � cos(k))2 � 8(1 � cos(k))

�

we get

lim
k! 0

T
1 � cos(k)

= 8(� � 1)� 2 � 16� :

Hence, for the right scaling � of the convection, T is not positive
de�nite and therefore kS�
 k2 > 1. Therefore S�
 doesnot ful�ll the
smoothing property. The argumentation carriesover to �nite domains
with cyclic boundary conditions, since for vanishing mesh size the
smallest admissiblek tends to zero.
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4.2 Two-dimensional model problems

We assumea two-dimensional grid with grid spacing h, where the
grid points lie in

g2d
h = f (x1; x2)jx1 = j 1h; x2 = j 2h; j 1; j 2 2 Zg:

and assumethe matrix A to have a constant nine-point-stencil

A =

2

4
a� 1;� 1 a� 1;0 a� 1;1
a0;� 1 a0;0 a0;1
a1;� 1 a1;0 a1;1

3

5 : (25)

Every matrix of the form (25) is diagonal in the basis

' k1k2 (x; y) = exp(i (k1x1 + k2x2)=h) ; x1; x2 2 gh ; k1; k2 2] � � ; � ]

with the eigenvalues

� k1k2 =
1X

j 1 ;j 2= � 1

aj 1 j 2 exp(ij 1k1) exp(ij 2k2); k1; k2 2] � � ; � ]:

We identify the matrix with its eigenvalues.Again, weonly discussthe
in�nite domain setting. A generalresult like Theorem 2 doesnot hold
in two spacedimensions,but if As corresponds to the �nite-element
discretization of the Laplacian (squaregrid, bilinear elements)

As =
1
3

2

4
� 1 � 1 � 1
� 1 8 � 1
� 1 � 1 � 1

3

5 (26)

we can prove the following result

Theorem 3 Let A be an arbitrary nine-point stencil with A s given
by (26), � > 1 and 
 � 1 + 0:825� � 1. Then the SORa(�; 
 )iteration
is a smoother in the Euclidian norm.

Proof We only have to prove (11). Let

�C1 :=

2

4
0 0 0
1 0 0
0 0 0

3

5 ; �C2 :=

2

4
0 0 0

� 1 0 0
0 0 0

3

5 ; �C3 :=

2

4
0 1 0
0 0 0
0 0 0

3

5 ; �C4 :=

2

4
0 � 1 0
0 0 0
0 0 0

3

5 ;

�C5 :=

2

4
1 0 0
0 0 0
0 0 0

3

5 ; �C6 :=

2

4
� 1 0 0
0 0 0
0 0 0

3

5 ; �C7 :=

2

4
0 0 0
0 0 0
1 0 0

3

5 ; �C8 :=

2

4
0 0 0
0 0 0

� 1 0 0

3

5
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and


 i = sup
(k1 ;k2)6=(0 ;0)

"

�
�D T ~Ci + ~CT

i
�D

�D + �D T

#

; i = 1; : : : ; 8 (27)

(note that (k1; k2) = (0; 0) , �D + �D T = 0). It holds


 1:= sup
1 � 4cos(k1) + 2cos(k2) + cos(k1) cos(k2) + sin(k1) sin(k2)

4 � cos(k1) � cos(k2) � 2cos(k1) cos(k2)

and using the substitution x1 = 1 � cos(k1); x2 = 1 � cos(k2)

= sup
0<x 1 ;x 2< 2

3x1 � 3x2 + x1x2 +
p

2x1 � x2
1

p
2x2 � x2

2

3x1 + 3x2 � 2x1x2

= sup
0<x 1<x 2< 2

3x1 � 3x2 + x1x2 +
p

2x1 � x2
1

p
2x2 � x2

2

3x1 + 3x2 � 2x1x2
: (28)

Note that the fraction in (28) is discontinuous in (x1; x2) = (0; 0). To
remove the discontinuit y we substitute x2 by x1x3 leading to


 1= max
x12 [0;2];x 32 [0;1]

3(1 � x3) + x1x3 +
p

2 � x1
p

2x3 � x1x2
3

3(1 + x3) � 2x1x3
(29)

The numerical evaluation of the fraction in (29) is stable. A simple
gradient method leadsto 
 1 < 1:055. Analogously we �nd


 2 < 1:055; 
 3 < 1:030; 
 4 < 1:721; 
 5 < 1:825; 
 6 = 1:158;


 7 < 1:158; 
 8 < 1:825:

Let 
 0 := max8
i=1 
 i , � ; ai 2 R+

0 and �C := � +
P

i ai �Ci . Then

sup
�
�

�D T �C + �CT �D
�D + �D T

�
�

X

i

ai 
 i � � �

 0

2
k �C � �CT k1 � � ;

and hence

�D T �C + �CT �D �
�

� �

 0

2
k �C � �CT k1

� � �D + �D T �
: (30)

We choose� accordingto (20), i.e. � = 

2 k �C � �CT k1 . Therefore (11)

is ful�lled for � = 1 and 
 � 
 0.
Now we consider the generalcase� � 1. It holds
� �D T �C + �CT �D

�
+

� � 1
� + 1

� �D �C + �CT �D T �

=
2

� + 1

� �D T �C + �CT �D
�

+
� � 1
� + 1

� �C + �CT � � �D + �D T �
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and becauseof (30)

�
1

� + 1

�
(
 � 
 0)k �C � �CT k1 + (� � 1)

� �C + �CT �� � �D + �D T �

�

 � 
 0 + (� � 1)(
 � 1)

� + 1
k �C � �CT k1

� �D + �D T �
: (31)

Let 
 � 1 + (
 0 � 1)� � 1. Then 
 � 
 0 + (� � 1)(
 � 1) � 0 and (11)
follows from (31). ut

The discretization of the convection vx@x + vy@y using the standard
Galerkin scheme (square grid, mesh size h, bilinear elements) leads
to the anti-symmetric discretization star

Aa =
vxh
12

2

4
� 1 0 1
� 4 0 4
� 1 0 1

3

5 +
vyh
12

2

4
� 1 � 4 � 1
0 0 0
1 4 1

3

5 : (32)

For this convection di�usion equation we can prove the smoothing
property under weaker conditions than in Theorem 3.

Theorem 4 Let A be the nine-point stencil of the Galerkin dis-
cretization of the convection-di�usion equation resulting from (26),
(32) with arbitrary constant convection (vx ; vy) 2 R2. Let � > 1 and

 � 1 + 0:388� � 1. Then the SORa(�; 
 ) iteration is a smoother in
the Euclidian norm.

Proof We only have to prove (11). Let

�C9 :=
1
6

2

4
1 0 0
4 0 0
1 0 0

3

5 ; �C10 :=
1
6

2

4
� 1 0 0
� 4 0 0
� 1 0 0

3

5 ; �C11 :=
1
6

2

4
1 4 0
0 0 0

� 1 0 0

3

5 ;

�C12 :=
1
6

2

4
� 1 � 4 0
0 0 0
1 0 0

3

5

and 
 i , i = 9; : : : ; 12bede�ned analogouslyto (27). The samemethod
as usedin the proof of Theorem 3 leadsto


 9 < 1:055; 
 10 < 1:055; 
 11 < 0:739; 
 12 < 1:388:

The result follows analogouslyto the proof of Theorem 3. ut

Remark 6 Instead of (26), let the symmetric part of A be given by
the �nite-di�erence or �nite volume discretization of the Laplacian.
Then results similar to the onesgiven in Theorem 3 and 4 hold.
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Remark 7 For generalnine-point stencils the SORa iteration is not a
smoother according to De�nition 2. We give a counter example.Let

�D :=

2

4
0 0 0

� 1 1 0
0 0 0

3

5 ; �C :=

2

4
0 � 1 0
0 
 0
0 0 0

3

5 :

Then As corresponds to the one-dimensionalLaplacian in the x1-
direction, whereasAa corresponds to the one-dimensionalconvection
in x2-direction. An argumentation similar to the one given in Re-
mark 5 shows that kS�
 k2 > 1, which is in contradiction to the
smoothing property.

5 Con vection-di�usion equation

In this section, we consider simple two-dimensional convection dif-
fusion model problems with di�eren t types of advection �elds. The
equations are discretized by meansof the streamline di�usion �nite
element method (SD-FEM), which has been introduced in [12]. Dif-
ferent SD-parametersand multigrid solver con�gurations are inves-
tigated. We show their averageconvergencerates in dependenceon
the meshPeclet number.

5.1 Discretization and model problems

Let 
 =]0 ; 1[2, b 2 [C1(
 )]2 with r � b = 0, f 2 L 2(
 ) and � > 0.
Let u 2 V = H 1

0 (
 ) be the weak solution of the convection-di�usion
equation

� (r u; r v) + (b� r u; v) = (f ; v); 8v 2 V; (33)

where (�; �) denotesthe L 2-inner product. Let g0 denote the coarsest
grid containing one squareelement and gl , l > 0 the grid on level l
obtained by uniform re�nement of gl � 1, see[2]. Therefore the mesh
size on grid gl is hl = 1=2l . We use continuous, piecewisebilinear
�nite elements with zero boundary values. The �nite element space
corresponding to grid gl , l > 0 is denoted by Vl . The SD-FEM is a
consistent discretization of (33). In the presentation of the method we
follow [24]. On grid gl the continuous problem (33) is approximated
by ul 2 Vl satisfying

al (ul ; vl ) = f l (vl ); 8vl 2 Vl ; (34)
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with

al (u; v) := � (r u; r v) + (b� r u; v)+
X

T 2 gl

� T (� ��u + b� r u; b� r v)T ;

f l (v) := (f ; v) +
X

T 2 gl

� T (f ; b� r v)T ;

whereT denotesan (square-) element of gl and (�; �)T the inner prod-
uct of L 2(T). Note that �u l 62L 2(
 ), but �u l 2 L 2(T); 8T 2 gl .
Therefore the bilinear form al (�; �) is well-de�ned. The user-chosen
SD-parameter � T � 0 may vary from element to element. Let the
grid Peclet number be de�ned by

PT := kbk1 ;T hl =�; 8T 2 gl

where kbk1 ;T denotesthe maximum norm of b on T. Let

� T :=
� 0hl

kbk1 ;T
min(1; PT ); 8T 2 gl ;

with � 0 � 0 independent of l and T. Note that the de�nition for PT
and � T di�er from the onesgiven in [24].

Let l > 0 and ul 2 Vl . The elements of gl are aligned to the
coordinate axis and therefore �u l jT = 0; T 2 gl . In this casethe
bilinear form from (34) reducesto

al (u; v) = � (r u; r v) + (b� r u; v) +
X

T 2 gl

� T (b� r u; b� r v)T :

Sinceul j@
 = 0 and r � b = 0, we get

al (ul ; ul ) > 0; 8ul 2 Vl ;

i.e. the corresponding system matrix is positive de�nite.

Remark 8 Let b = (bx ; 0)T . Disregarding boundary conditions, the
bilinear form in (34) correspondsto a systemmatrix with the constant
nine-point stencil

�
3

2

4
� 1 � 1 � 1
� 1 8 � 1
� 1 � 1 � 1

3

5 +
bxhl

12

2

4
� 1 0 1
� 4 0 4
� 1 0 1

3

5 + � 0 min(1; PT )
bxhl

6

2

4
� 1 2 � 1
� 4 8 � 4
� 1 2 � 1

3

5 :

For � 0 = 0 the standard Galerkin discretization resultsand the matrix
loosesthe M-matrix property for PT > 1. For � 0 � 0:5 the system
matrix is strongly stabilized, i.e. its downwind entries in x-direction
are non-positive for all PT .
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The classesof the model problems we investigate di�er by the
choice of the advection �eld b. Within a class,� and therefore PT is
varied. Let

b1 :=
�

1
0

�
; b2 :=

�
0:8

� 0:6

�
; b3 :=

�
y

� x

�
; b4 :=

�
2y � 1
1 � 2x

�
:

For i = 1: : : 4 we denote the model problems by MP i corresponding
to the advection �elds bi .

Remark 9 The reduced problems associated with MP 1, MP2 and
MP3 do not contain closedcharacteristics in 
 . Therefore a down-
wind numbering is possible (see next section). MP 4 usesa circular

o w �eld and a downwind numbering is impossible.

5.2 Results

In this subsectionwe investigate the behavior of the SORa iteration
applied to the model problems de�ned in the previous subsection.
Due to Remark 3, � � 1 correspondsto a global damping factor for the
antisymmetric part of the systemmatrix. In caseof Fourier analysis,
Theorem4 shows the smoothing property for the iteration if 
 � 1:26.
Numerical experiments show that 
 = 1 is su�cien t (seealsoLemma
1). For the choice of � we follow the argumentation given in [27] and
choosethe value � = 1:5 for our numerical investigations. For anti-
symmetric matrices the spectrum of the iteration matrix holds (see
Lemma 1)

� (S1:5;1) � f zjz = 2=3~z + 1=3; j~zj = 1g;

We investigate the following schemes

SORa(1:5; 1) usedas iterativ e solver, (35)

SORa(1:5; 1) usedas smoother in a V(2,2)-cycle multigrid, (36)

con�guration (36) usedas pre-conditioner for BiCGStab; (37)

(for details of the BiCGStab-algorithm, see[3,25]). We consider the
solution behavior on grid g5 to g10. Correspondingly, the number of
unknowns varies from 312 to 10232. Lexicographical ordering is used
for the unknowns. We chosea top down and left to right ordering

y(n) > y(m) ) n � m; (38)

y(n) = y(m) ^ x(n) < x(m) ) n � m;

where n; m denote nodes,x(n) the x-position of node n, y(n) the y-
position of node n. Finally n � m denotesthat node n is numbered
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before node m. Note that the ordering (38) implies a downwind or-
dering for MP1, MP2 and MP3.

If x i denotes the i -th iterate of an iterativ e solution processfor
the equation Ax = b resulting from (34), let the defect be de�ned by
di := b� Ax i . The solution behavior is evaluated numerically by the
averageconvergencerate

� i;j :=
�

kdj k2

kdi k2

� 1
j � i

The choice of i and j depends on the solver con�guration and the
discretization. It will be chosen appropriately in the following sub-
sections.In order to evaluate the convergencebehavior of the model
problems in dependenceon the convection/di�usion ratio we de�ne
a Peclet number, which dependson the grid level only

Pl := hl =�; 8T 2 gl :

For MP1, MP2 it coincideswith PT , for MP3, MP4 it corresponds to
PT for certain points of the domain. The choice of Pl speci�es the
problem (33) up to a scaling factor, which is of no relevance for the
convergencebehavior.

5.2.1 Standard Galerkin discretization (� 0 = 0) In the limit caseof
vanishing stabilization the SD-FEM reducesto the standard Galerkin
case.For the SORa iteration usedas iterativ e solver aswell as for the
BiCGStab method we determine the averageconvergencerate for

Pl 2 f p 2 [0:1; 1000]j p = (1:1)n =10; n 2 N0g (39)

by � 10;50, for the multigrid iteration usedas iterativ e solver by � 10;20.
The convergencerates for MP1 and con�guration (35), (36) and

(37) are shown in Figure 1, 2 and 3, respectively. The labels of the
di�eren t curvescorrespond to the di�eren t grids. From Figure 1 we
seethat the SORa iteration is convergent for all Peclet numbers Pl
and grids we considered.The relatively good convergencefor Pl � 10
results from ordering (38). With a change in the ordering this ef-
fect disappearsbut the iteration remains convergent. The multigrid
iterativ e solver converges fairly mesh size-independent for Pl � 10
with an acceptable contraction number better than 0:4, as can be
seenfrom Figure 2. Doubts remain if this stays true for further re-
�ned grids. If the multigrid method is used as pre-conditioner for
the BiCGStab method an apparently stable behavior results (Figure
3). The results indicate that the solver con�guration (37) leads to a
meshsize-independent convergence,which dependsonly on the Peclet
number. The solver is fairly fast for Pl � 20.
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Fig. 1. Convergencerates for MP 1 , � 0 = 0 and con�guration (35).
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Fig. 2. Convergencerates for MP 1 , � 0 = 0 and con�guration (36).

Remark 10 Due to the variation with the mesh size h l , the Peclet
number increaseson coarsergrids. Sincean approximation property
doesnot hold for MP1 uniformly in Pl , a meshsize-independent multi-
grid convergencecannot be expected on the baseof the smoothing
property (De�nition 2) only. The behavior shown in Figure 2 and 3
are obtained only if the downwind numbering (38) is used.A change
of the ordering leads to a signi�cant dependenceon the mesh size.
This indicates that robustnesse�ects as described in [15,27] play an
important role.

Next we consider MP2. With respect to the SORa as iterativ e
solver (con�guration (35)) no signi�cant di�erences from the behav-
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Fig. 3. Convergencerates for MP 1 , � 0 = 0 and con�guration (37).
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Fig. 4. Convergencerates for MP 2 , � 0 = 0 and con�guration (36).

ior for MP1 can be observed. The multigrid convergencefor con�gu-
ration (36) behaves more smoothly. The results are given in Figure
4. Clearly, the convergencerates are independent of the mesh size
and vary with the Peclet number only. Like in the previous case,
this behavior can only be obtained using downwind numbering of
the unknowns. Con�guration (37) using the multigrid iteration as
pre-conditioner for the BiCGStab method leadsto similar results.

The results for MP3 doesnot di�er from the onesfor MP 2. Again,
the downwind numbering turns out to be important.

The convergencerates for MP4 for the solver con�gurations (35)
and (36) are shown in Figure 5 and 6, respectively. In contrast to
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Fig. 5. Convergencerates for MP 4 , � 0 = 0 and con�guration (35).

0

0.2

0.4

0.6

0.8

1

0.1 1 10 100 1000

P
S

frag
replacem

ents

Pl

� 1
0

;2
0

g5
g6
g7
g8
g9
g10

Fig. 6. Convergencerates for MP 4 , � 0 = 0 and con�guration (36).

the preceedingmodel problems, for MP 4 a downwind numbering is
not possible(seeRemark 9). This leads to remarkable di�erences in
the convergencebehavior. As can be seenfrom Figure 5, the SORa
iteration is convergent. But the relatively good convergenceobtained
for downwind numbering (MP 1, Pl � 10) cannot be observed. From
Figure 6 wesee,that for �xed Pl the multigrid convergencerate shows
a strong dependenceon the meshsize,seeRemark 10. Again, solver
con�guration (36) and (37) lead to similar results.

5.2.2 Weakly stabilized SD-FEM (� 0 = 0:1) We investigate the con-
vergencebehavior for Peclet numbers given by (39) using the SD-
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Fig. 7. Convergencerates for MP 3 , � 0 = 0:1 and con�guration (36).

FEM with a stabilization parameter � 0 = 0:1. The convergencerates
of the di�eren t solution algorithms do not di�er signi�cantly from
the one obtained for the standard Galerkin discretization (� 0 = 0).
Since the asymptotic convergencerate is approached slower than in
the Galerkin case,we chose� 50;100 to evaluate the convergenceof the
solver. For MP1, MP2 and MP3 a mesh size-independent multigrid
convergencerate depending only on Pl can be obtained, for MP4 no
downwind ordering is possibleand a strong dependenceon the mesh
size results. We show the results for MP 3 and con�guration (36) in
Figure 7. Note that the convergencerate approaches1 for Pl ! 1 .

5.2.3 Comparison of Gauss-Seidel-and SORa iteration In this sec-
tion we compare the multigrid convergenceof solver con�guration
(36) and the con�guration

Gauss-Seidelusedas smoother in a V(2,2)-cycle multigrid : (40)

We investigatethe SD-FEM with stabilization � 0 = 0:5 for MP2. This
discretization is strongly stabilized (seeRemark 8). In caseof MP 1,
numerical experiments indicate that con�guration (40) convergesfor
all grid levels and Peclet numbers. Moreover, if the downwind order-
ing (38) is used,a robust convergenceresults uniformly in the mesh
sizeand the Peclet number (see[4,14]). We comparethe two con�g-
urations for M P2 and useordering (38). The results for grid g9 and
g10 are shown in Figure 8. The average� 50;100 is displayed versusPl .
Con�guration (36) is convergent in all cases.In contrast, con�gura-
tion (40) is convergent only for small Pl . Moreover, the convergence
is strongly h-dependent, if Pl is held constant.
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Fig. 8. Comparison of con�guration (36) and (40) for MP 2 , grid g9 and g10 .

Level 5 6 7 8 9 10

Conf. (36) 0:19 0:21 0:21 0:25 0:27 0:33
Conf. (41) 0:26 0:40 0:67 0:85 0:87 0:86
! J (0:52) (0:41) (0:28) (0:2) (0:09) (0:069)

Table 1. Convergence rates � 10;20 of con�guration (36) and (41) for MP 3 ,
� 0 = 0:5 and Pl = 10. The optimal damping factors ! J are given in parenthe-
ses.

5.2.4 Comparison of Jacobi and SORa iteration In this section we
compare the multigrid convergenceof solver con�guration (36) and
the con�gurations

Jacobi usedas smoother in a V(2,2)-cycle multigrid ; (41)

SORa(1:5; 1) usedas smoother in a V(10,10)-cycle multigrid ; (42)

Jacobi usedas smoother in a V(10,10)-cycle multigrid : (43)

Theoretical aspectsof con�guration (41) and (43) have beenanalyzed
in [20]. For thesemethods, the Jacobi method has to be damped ap-
propriately to achieve convergence.The optimal damping factor ! J
dependson the discreteproblem, the solver con�guration and the grid
hierarchy and has to be determined by experiment. We investigate
the convergencerate � 10;20 for MP3 using SD-FEM with Pl = 10. For
the stabilization parameter � 0 = 0:5, appropriate damping factors for
con�guration (41) canbefound. Resultscomparingcon�guration (36)
and (41) are given in Table 1. For con�guration (41) the experimen-
tal damping factors are given in parentheses.Apparently, using the
SORa leadsto (nearly) h-independent convergence,using the damped
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Level 5 6 7 8 9 10

Conf. (36) 0:35 0:37 0:37 0:37 0:36 0:35
Conf. (42) 2:5e � 3 4:5e � 3 5:7e � 3 8:1e � 3 7:8e � 3 5:5e � 3
Conf. (43) 0:35 0:67 0:72 0:97 � �
! J (0:111) (0:070) (0:040) (0:024)

Table 2. Convergencerates � 10;20 of con�guration (36), (42) and (43) for MP 3 ,
� 0 = 0:1 and Pl = 10. The optimal damping factors ! J are given in parentheses.

Jacobi smoother to a h-independent convergence(the optimal damp-
ing factors seemto converge to a value larger than zero). Next we
investigate the samesetting changing the stabilization parameter to
� 0 = 0:1. Here, con�guration (41) is not appropriate and we therefore
compare con�guration (36), (42) and (43). The results are given in
Table 2. Using the new method as smoother in multigrid, 2 pre- and
post smoothing steps are su�cien t to get a h-independent conver-
gencerate of 0:36. For the damped Jacobi method usedas smoother,
even a number of 10 smoothing stepsdoesnot lead to h-independent
convergence(for grid level 9 and 10 reasonabledamping factors could
not be found). For comparison, the results using 10 smoothing steps
with the SORa smoother are given in Table 2 showing a convergence
rate of approximately 6� 10� 3. The new method is clearly superior to
the one proposedin [20].

5.2.5 The � -parameter of the SORa As stated in Remark 3, the pa-
rameter � of the SORa iteration is related to a global damping factor
� = 1=� of the anti-symmetric part of the system matrix. Assuming
the assertionsof Theorem 3 are ful�lled, a choice of � � 1 is su�-
cient for convergenceof the iteration (seeLemma 1 and the proof of
Theorem 1). On the contrary, the proof of the smoothing property
requires � > 1 (seeLemma 2). The choice of � = 1:5 for the numeri-
cal investigation presented in the previous sectionswasmotivated by
theoretical considerations.Now we investigate the dependenceof the
multigrid convergenceon � numerically. A thorough discussionof the
numerical results for every model problem, all choicesof � , various
Peclet numbers, the di�eren t solver con�gurations and di�eren t sta-
bilizations of the SD-FEM cannot be given here. We consideronly a
special choice which is to someextent representativ e.

We considerMP2, choosePl = 20 and discretize the equationsby
means of the standard Galerkin-FEM (� 0 = 0). We investigate the
multigrid convergenceon grid g5 to g10 of con�guration (36) with

� 2 f ~� 2 [1; 8]j ~� = (1:1)n ; n 2 Zg:
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Fig. 9. Convergencerates for MP 2 , Pl = 20, � 0 = 0, con�guration (36) in depen-
denceof � .

The resultsaregiven in Figure 9. For � � � min � 1:2 and � � � max �
6 the solver diverges,whereaswithin the interval [� min ; � max ] the
multigrid method converges.A choice of � � 1:33 is optimal in this
caseleading to a meshsize-independent convergencerate � 10;20 � 0:6
(seealsoFigure 4). In the range[1:4; 5] the convergencerate is nearly
constant. This behavior is typical for the multigrid methods inves-
tigated here. Depending on discretization, solver and Peclet number
the valuesof � min and � max vary. Numerical investigations indicate
the following behavior

{ for Pl ! 0 we get � min ! 0 and � max ! 1 ,
{ within [� min ; � max ] the convergencerate is nearly constant,
{ if downwind ordering (38) is used, � min � 1:4,
{ if SD-FEM is usedwith � 0 � 0:1 then � min = 0.

The results con�rm our previous choice � = 1:5 for the numerical
investigations carried out before.

6 Discussion

In this paper we have introduced the new iterativ e scheme SORa
as a modi�cation of the standard SOR iteration. It can be applied
in the context of non-symmetric, positive de�nite matrices (itera-
tiv e solvers, smoother in multigrid) and is especially well-suited for
non-monotone problems. Under the conditions of Fourier analysis
we could show the smoothing property in the Euclidian norm for
one-and two-dimensionalmodel problemsuniformly in the meshsize
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and the convection/di�usion ratio. The analysis considers the SD-
FEM discretization of the convection-di�usion equation. We applied
the SORa iteration to two-dimensional model problems. If down-
wind numbering of the unknowns could be realized multigrid can
achieve mesh size-independent convergencerates depending only on
the convection/di�usion ratio only. Even in the limiting caseof SD-
FEM with vanishing stabilization (Galerkin-FEM) the convection-
di�usion equation can besolved reasonablyfast for meshPeclet num-
bers Pl � 20. Comparing the SORa with the Gauss-Seideliteration
for a strongly stabilized SD-FEM, we could show the new iteration to
behave stable in situations where the Gauss-Seideliteration fails to
work. Numerical examplesare given showing that the SORa is clearly
superior to the damped Jacobi iteration discussedin [20].
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